The dynamics of the classical Lorenz system is well studied in 1963 by E. N. Lorenz. Later on, there have been an extensive studies on the classical Lorenz system with the complex variables and the discrete time Lorenz system with real variables. To the best of knowledge of the author, so far there is no study on discrete time Lorenz system in complex variables. In this article, an attempt has been made to observe and understand the discrete dynamics of the Lorenz system with complex variables. This study compares the discrete dynamics of the Lorenz system with complex variables to that of the classical Lorenz system involving real and complex variables.
Introduction
The concept of chaos was first introduced the Lorenz system by E. Lorenz [1] and [2] and it is the prototypical example of sensitive dependence on initial conditions (the butterfly effect) [3] . As time progresses, interest in the complex dynamic behaviors of nonlinear systems increased, due to their potential applications in different fields, such as detecting changes of biological signals (mostly EEG) in different abnormalities, data and image encryption, studying sunspot cycles, lasers and so on. Consequently, a large number of novel systems have been developed based on the original Lorenz system viz. Rössler system, Chen system and so on [4] , [5] , [6] , [7] , [9] , [10] , [11] , [12] , [13] and [14] . It is interesting to note that in 2000, there are eighteen challenging mathematical problems for the twenty-first century as introduced by a mathematician Smale [15] , in which the Lorenz system attractor was the fourteenth problem. In this regard, one of the main concern was about existence of the strange attractor which also has been proved by Stewart [3] . The Lorenz system is described as [1] : ∂x ∂t = a(y − x), ∂y ∂t = rx − y − xz, ∂z ∂t = xy − bz
Some key features of this system are as follows [16] :
• It is an autonomous system, which means that time does not explicitly appear on the right hand side of the Eq.(1). • The system is symmetric, with respect to the z axis, which means it is invariant for the coordinate transformation: (x, y, z) → (−x, −y, z).
The main observation by Lorenz was that the Lorenz system exhibits the sensitive dependence on initial conditions-very small changes in initial conditions can make very large differences in long-term behavior. The trajectory (x(t), y(t), z(t)), when r = 28, approaches a strange attractor, that is, an attractor that is not an equilibrium, nor a cycle, nor a finite graph. The same Lorenz system Eq.(1) has been seen as a discrete time system and studied the dynamics in [16] with a consideration that the parameters and variables are real numbers.
In this article, we consider the discrete time approximated Lorenz system in the complex plane and we would like to compare the dynamics which has been already seen by others in the real and complex variables of the Lorenz system [17] , [18] , [19] , [20] , [21] , [22] , [23] , [24] , [25] and [26] .
The discrete time Lorenz system is the following:
Therefore the iterative system of Lorenz system is from the Eq.(2):
Here all the parameters a (Prandtl number), b, r (Rayleigh number) and the initial values x 0 , y 0 and z 0 are complex variables. Further in due course, we designate the Lorenz system Eq. (3, 4, 5) as discrete complex Lorenz system.
The key dynamics what we have achieved in the complex plane are summarized here . . .
There are complex parameters r, a and b with complex initial values for which the discrete complex Lorenz system Eq.(3, 4, 5) has the following kind of solutions/trajectories as found in this present computational study.
• There are three fixed points of the Lorenz systems Eq. (3, 4, 5) and there are certain parameters r, a, and b (examples are given) such that the fixed points are stable (sink).
• The system Eq.(3, 4, 5) possesses higher order periodic solutions too (few examples are given).
• The system Eq.(3, 4, 5) has chaotic and transient chaotic solutions.
• The system Eq.(3, 4, 5) has single and double coexisting chaotic attractors and existence of the chaotic attractors has been assured through examples.
• A comparison have been made with other existing real and complex classical Lorenz systems.
2
In the following sections, a detail dynamics of the discrete complex Lorenz system Eq.(3, 4, 5) is characterized and compared with the existing real and complex classical Lorenz systems [27] , [28] , [29] , [30] and [31] .
Stability of the Fixed Points
Without loss of generality, in the rest of the article, all the initial values are taken from unit disk B(0, 1) ⊂ C. The fixed points of the Lorenz system Eq. (3, 4, 5) are the solutions of the system of equations:x =x + a(ȳ −x)dt;ȳ =ȳ + (−xz + rx −ȳ)dt;z =z + (xȳ − bz)dt Consequently, the system Eq. (3, 4, 5) has the unique three fixed points . . .
It is nice to note that in classical real Lorenz system, if r < 1 then there is only one equilibrium point, which is at the origin (0, 0, 0). All orbits converge to (0, 0, 0), which is a global attractor, when r < 1. A pitchfork bifurcation occurs at r = 1, and when r > 1 then other two fixed points are stable only if r < a The stability of the fixed points depends on the eigenvalues of the jacobian of the system of equations. Similarly, the other eigenvalues can be archived at the fixed points at the jacobian J. Here we omit the detail as the general form of the eigenvalues are complicated in looking. Let us have a few examples of stability of these fixed points.
Consider the parameters a = 10, b = It is noted that |a| > |b + 1| and |r| > 1 which is naturally the condition for local stability at the fixed points as it is observed in the case of classical real Lorenz system.
Consider the parameters a = 10, b = 
Dynamics in Discrete Complex Lorenz System
Here we shall take different complex parameters and initial vales and run the dynamical system to observe the trajectory behaviors. Further we shall compare the present results with same of the classical discrete Lorenz systems. Here we first consider arbitrary complex initial values and the parameters are set as a = 10 and b = 8 3 and dt = 0.0005.
Comparison of Dynamics of the Discrete Real Lorenz System and Discrete Complex Lorenz System
Considering the parameters a = 10, b = In the discrete real Lorenz system, it is found that the system possesses chaotic behavior when r ≥ 22.35 with a = 10 and b = . Also for r = 18, the trajectories in the discrete Lorenz system will appear to be chaotic for an interval of time before approaching to the equilibrium which is known as transient chaos. When r ≤ 22.35, all trajectories approach an equilibrium [16] . In the case, when r = 10, in both the discrete Lorenz system (Real and Complex), all trajectories are approaching toward one of the equilibriums Converges to one of the sinks (4.899, 4.8990, 9) which happens to be a sink as stated in Table 1 and shown in Fig. 3 .
Considering r = 18, it is found in the discrete complex Lorenz system Eq. (3, 4, 5) , the trajectories approach one of the equilibriums (−6.74, −6.74, 17) without any transient chaos whereas in the discrete real Lorenz system there is transient chaos which is reported in [16] and as shown in In the following subsection we are going explore the dynamics of the complex classical Lorenz system and the complex discrete Lorenz system vividly and compare the dynamics.
Comparison of Dynamics of the Complex Discrete Lorenz System and Complex Classical Lorenz System
Here for different values of the control parameter r, the dynamics of complex Lorenz system have been seen and compared with the existing classical complex Lorenz system. Before we proceed further to compare, it is important to note that there is an existing comparison between the classical real Lorenz system and complex Lorenz system and in brief the results are given in the Table 2 [17]:
Here we took the initial value of for both the system (x 0 , y 0 , z 0 ) = (0.1 + 0.2i, 0.3 + 0.4i, 1 + 2i) and we fix the parameter a=10, b = 8 3 and dt = 0.0005. We took one sample value of control parameter r from 9 each of the specified interval of r in the Table 2 , and run the discrete complex Lorenz system and the result are given in the Here we are about to explore the dynamics of the discrete complex Lorenz system Eq. (3,4,5) considering first the control parameter as origin (zero) in the complex plane and in second assuming the parameter r is a non-origin which are depicted as the following.
Case when the Parameter r = 0
First we consider r = 0 and dt = 0.0005 and see the dynamics as depicted in the following Table 4 and Fig.10 . When r = 0, the fixed points of the Lorenz system Eq. (3,4,5) become (0, 0, 0),
In the Table 4 , the serial number 1, the parameters are setting as r = 0, dt = 0.0005, a = 4 + 20i and b = 20 + 10i, the fixed points (0, 0, 0) and (±(4.60221 + 1.08643i), ±(4.60221 + 1.08643i), 1). The real part of the eigenvalues of the jacobian about the fixed points are all positive and therefore the three fixed points are sink (attracting). Under the initial condition the trajectory converges to the sink (0, 0, 0) which is shown in the Table 4 and Fig. 10 . With the setting r = 0, dt = 0.0005, a = 0.052 and b = −0.3 as in the serial number 2 of the Table  4 , the fixed points (0, 0, 0) and (±0.547723i, ±0.547723i, 1). The real part of the eigenvalues of the jacobian about the fixed points (0, 0, 0) and (±0.547723i, ±0.547723i, 1) are all positive and therefore the three fixed points are sink (attracting). But surprisingly, for the said set of parameters and the initial value (−1, 0, 1), the trajectory converging to a very high periodic triangle-like trajectory which is been depicted in the Table 4 and Fig. 10 .
As we set in serial number 3 in the Table 4 , the fixed points (0, 0, 0) and (±0.547723i, ±0.547723i, 1) which is same as in the case in serial no 2. The real part of the eigenvalues of the jacobian about the fixed points (0, 0, 0) and (±0.547723i, ±0.547723i, 1) are all positive and therefore the three fixed points are sink (attracting). Surprisingly, with initial value (−0.1, +0.1, −2), the trajectory converging to a double chaotic attractors which do coexist which is been depicted in the Fig. 10 . This phenomena is exactly seen in the classical real Lorenz system [17] .
Here we differ from the previous case just by changing the parameter a as 0.277 and as the parameter a does not have any role in the fixed points, so the fixed points remain (0, 0, 0) and (±0.547723i, ±0.547723i, 1) and it is found that the real part of the eigenvalues of the jacobian about the fixed points (0, 0, 0) and (±0.547723i, ±0.547723i, 1) are all positive and naturally so the three fixed points are sink (attracting). But with the initial parameter (0.1, −0.1, −13) the trajectory possesses to a very high periodic attractor as shown in Fig. 10 . It is noted that, when the parameters r is zero and b is a negative real number there exists a range of values of a for which the trajectory of the classical real Lorenz system proceed to a double coexisting attractor which is matched in the discrete complex Lorenz system only in the case of serial no 2 as stated in the Table 4 [8].
Case when the Parameter r is a Non-zero
When the control parameter r is a non-zero complex number, we shall see the dynamics of the discrete complex Lorenz system Eq. (3, 4, 5).
For the parameters as sited in the serial number 1, 2, 4, 6, 7 and 8 in the Table 5 , we found that |r| > a a+b+3 a−b−1 , this violates the condition for convergence to the non-zero fixed points. It is found that the under these set of parameters the trajectories are converging eventually to the zero fixed point whereas in some of these cases transient chaos have been observed as shown in the Fig. 11 and Fig. 12 .
Considering the parameters in the serial number 3, 5, 9 and 10, it is found that |r| < a Gradually divergent All the three fixed points are attracting. 
A Few Special Examples
In this section, we would like to encounter a set of appealing examples in the discrete complex Lorenz system. It is found in real classical Lorenz system that for r = 99.96 the system possesses knotted periodic orbits [13] . Here for all the five examples sited in the Table 6 , the modulus of r is 99.96 and it is found that all the 3 Dimensional trajectories are knotted with different kind of asymptotic behaviour (chaotic, quasi periodic, convergent) as noted in the Table 6 except the case in serial number 2. The case in serial number 2 in the Table 6 is an example of a trajectory which is convergent to (0, 0, 0) where |r| = 99.96.
It is noted that for the parameters a, b, and r as noted in serial numbers 1 to 5 in the Table 6 , it is found that |r| ≥ a Here in the Table 7 , five examples are taken where five different values of r have been considered to look into the asymptotic behavior of the discrete complex Lorenz system Eq. (3, 4, 5) . All the four examples serial no 1 to 4 are chaotic where it is found that largest Lyapunav exponent is positive and the last one in serial number 5 the trajectory is asymptotically convergent and converging to (0, 0, 0). 
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